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Abstract 

We examine the Zeroth Law and the Second Law of black hole thermodynamics 
within the context of effective gravitational actions including higher curvature in- 
teractions. We show that entropy can never decrease for quasi-stationary processes 
in which a black hole accretes positive energy matter, independent of the details of 
the gravitational action. Within a class of higher curvature theories where the La- 
grangian consists of a polynomial in the Ricci scalar, we use a conformally equivalent 
theory to establish that stationary black hole solutions with a Killing horizon sat- 
isfy the Zeroth Law, and that the Second Law holds in general for any dynamical 
process. We also introduce a new method for establishing the Second Law based 
on a generalization of the area theorem, which may prove useful for a wider class of 
Lagrangians. Finally, we show how one can infer the form of the black hole entropy, 
at least for the Ricci polynomial theories, by integrating the changes of mass and 
angular momentum in a quasistationary accretion process. 
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1 Introduction 



One of the primary motivations to study black hole thermodynamics is to gain some insight 
into the nature of quantum gravity. Whatever framework physicists eventually uncover to 
describe quantum gravity, there should be a low energy effective action which describes the 
dynamics of a "background metric field" for sufficiently weak curvatures at sufficiently long 
distances. On general grounds, one expects that this effective gravity action will consist of 
the classical Einstein action plus a series of covariant, higher- dimension interactions (i.e., 
higher curvature terms, and also higher derivative terms involving all of the physical fields) 
induced by quantum effects. While such effective actions are typically pathological when 
considered as fundamental, they may also be used to define mild perturbations for Einstein 
gravity coupled to conventional matter fields. It is within this latter context of Einstein 
gravity "corrected" by higher dimension operators that we wish to consider modifications 
of black hole thermodynamics. 

Naive dimensional analysis suggests that the coefficients of all higher dimension inter- 
actions in the effective lagrangian should be dimensionless numbers of order unity times 
the appropriate power of the Planck length. Thus one might worry that the effect of the 
higher dimension terms would be the same order as those of quantum fluctuations, and 
so there would seem to be little point in studying modifications to classical black hole 
thermodynamics from higher dimension terms. One motivation for studying the classical 
problem is that it is of course possible that this naive dimensional analysis is incorrect, 
just as it would be in predicting the observed value of the cosmological constant. So given 
the lack of any direct experimental evidence, it is possible that the coefficients of some 
higher dimension terms are larger than expected. Further, we would like to know whether 
or not consistency with classical black hole thermodynamics places any new restrictions 
on these coefficients. Moreover, it is interesting to explore black hole thermodynamics in 
generalized gravity theories in order to see whether the thermodynamic "analogy" is just a 
peculiar accident of Einstein gravity, is a robust feature of all generally covariant theories 
of gravity, or is something in between. 

In this "analogy" , any black hole should behave as a heat bath. Quantum field theory 
reveals that k/(27t) is the black hole temperature]]]], independent of the details of the 
dynamics of the gravity theory Hence this is in fact a robust feature of black hole physics 
in general. An important foundation for black hole thermodynamics is then the validity 
of the Zeroth Law, namely, that the surface gravity should be constant across a stationary 
event horizon. If the event horizon is a Killing horizon with a regular bifurcation surface, 
it is straightforward to show that the Zeroth Law holds||. In Einstein gravity a proof of 
the Zeroth Law can also be constructed without the assumption of a regular bifurcation 
surface, but with the additional assumption that the dominant energy condition || holds, 
i.e., for any future pointing timelike vector u a the corresponding four momentum density 
P a = —T ab Ub is future pointing timelike. Equivalently, for all pairs of future pointing 
timelike vectors u a ,v a , 

T ab u a v b >0. (1) 
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In higher curvature theories, establishing the validity of the Zeroth Law in general remains 
an important open question. 

Using Euclidean path integral methods || it is clear that, if the Zeroth law holds, a 
version of the First Law of black hole thermodynamics still applies in these higher curvature 
theories. Applying these techniques to various specific theories and specific black hole 
solutions showed that the relation equating the black hole entropy with one quarter the 
surface area of the horizon no longer holds in general 0. However, it is now known that 
the entropy is given always by a local expression evaluated at the horizon]^, |], [II], |TT| . 

Wald|| established this result very generally for any diffeomorphism invariant theory 
via a new Minkowski signature derivation of the First Law of black hole mechanics. This law 
applies for variations (of the dynamical fields) around a stationary black hole background 
to nearby solutions, 

^-5S = 5M - fi (Q) 5J {a) . (2) 
Here M, J( a ), and n are the mass, the angular momentum |12[], the angular velocity 



and the surface gravity of the black hole. Wald found that S can be expressed as a local 
geometric density integrated over a space-like cross-section of the horizon, and that it 
is associated with the Noether charge of diffeomorphisms under the Killing vector field 
that generates the horizon. Eq. (Q) then has the rather remarkable feature that it relates 
variations in properties of the black hole as measured at asymptotic infinity to a variation 
of a geometric property of the horizon. Given the identification of the temperature with 
/t/(27r), eq. (0) has a natural interpretation as the First Law of thermodynamics where S 
is the black hole entropy. If this S is truly to play the role of entropy, it should also satisfy 
the Second Law of thermodynamics as a black hole evolves — i.e., S should never decrease 
in any dynamical processes. 

For general relativity, one has the celebrated result that the black hole entropy is given 
by one quarter the surface area of the horizon, S = Aj (4G)||T3|. In this context, the Second 
Law is established by Hawking's area theorem, which states that in any classical process 



involving black holes, the total surface area of the event horizon will never decrease [H]. An 
essential ingredient in the proof of this theorem is the assumption that the null convergence 
condition R a bk a k b > holds for all null vectors k a . This condition is implied by the Einstein 
field equation 

Rab ~ -jQabR = 8irG T ab (3) 

together with the null energy condition 

T ab k a k b > for any null vector k a . (4) 

Another essential ingredient is cosmic censorship — i.e., it is assumed that naked singu- 
larities do not develop in the processes of interest. 

In theories where higher curvature interactions are included along with the Einstein 
Lagrangian, the equations of motion may still be written in the form of eq. if the con- 
tributions from the higher curvature interactions are included in the stress-energy tensor. 
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Typically, these contributions spoil the energy conditions, and so one cannot establish an 
area increase theorem in such theories. However, this is not the relevant question for black 
hole thermodynamics. The relevant question is whether or not the quantity S whose vari- 
ation appears in the First Law (0) satisfies a classical increase theorem. If so, one would 
have a Second Law of black hole thermodynamics for these theories, further validating the 
interpretation of S as the black hole entropy. 

In this paper, we investigate the validity of the Zeroth Law and the classical Second 
Law for higher curvature extensions of Einstein gravity. Sect . 2 examines entropy increase 
in quasi-stationary processes. For such processes, the Second Law arises directly from the 
First Law for any theory of gravity, as long as the matter stress-energy tensor satisfies 
the null energy condition. Sect. 3 demonstrates that the Zeroth Law for stationary black 
holes and the Second Law for arbitrary dynamical processes hold in a theory where the 
gravitational Lagrangian is R + aR 2 . These results are established by relating the higher 
curvature theory by a conformal field redefinition to a more conventional theory in which 
Einstein gravity is coupled to an auxiliary scalar field. Our proofs are valid provided that 
a is positive and that cosmic censorship holds for the conformally related metric. Sect. 4 
generalizes the previous results to a larger class of theories where the gravitational action is 
a polynomial of the Ricci scalar. In sect. 5, a proof of the Second Law is constructed directly 
within the higher curvature theories without making (explicit) use of the conformal field 
redefinition. This approach follows closely the logic of Hawking's area theorem, and may 
provide insight for the problem of establishing the Second Law in more general theories. 
This analysis makes use of an "extended" Raychaudhuri equation which is also used to 
establish a new "physical process" derivation of the First Law and the form of the entropy 
for these higher curvature theories analogous to that of Wald for general relativity ||15||. 
Sect. 6 presents a discussion of our results. 

Throughout the paper, we consider only asymptotically flat spaces, and we employ the 
conventions of |4[]. We also adopt the standard convention of setting h — c — 1. Further, 
motivated by the fact that many of the recent candidates for a theory of quantum gravity 
are theories in higher dimensional spacetimes, we will allow spacetime to have an arbitrary 
dimension, D > 4. 



2 Quasistationary Processes 

Here we demonstrate that in quasi-stationary processes, the Second Law is a consequence of 
the First Law for any theory of gravity. We wish to consider a dynamical process in which 
a small amount of matter enters from a great distance and drops into a vacuum black hole. 
The initial and final black hole states are (approximately) stationary. In those spacetime 
regions then, there are Killing vector fields, £ a and which asymptotically generate 
time translations and orthogonal rotations[jl2|, respectively. By a quasi-stationary process 



we mean one in which the background spacetime is only slightly perturbed by the infalling 
matter. In order to establish a perturbation expansion we introduce a small parameter 
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5 associated with the amplitude of the infalling fields. We assume that the stress energy- 
tensor is order 5 2 , as are the resulting perturbations of the metric. The vector fields, 
£ a and (j)? a ,, can then be extended through the intermediate spacetime region where the 
accretion process occurs such that Killing's equation still applies to leading order (e.g., 
y(a£&) _ 0(5 2 ) ). This extension is further chosen so that the horizon generator is given 
by X a = £ a + ^ <a) 0(L) throughout the entire evolution, where f2 (Q) is constant to order 5 2 . 

Two space-like surfaces, £j and £/, are introduced at a time before the accretion process 
begins, and at a time after the process has ended, respectively. The black hole horizon 
H provides an inner surface, and we introduce a surface O at some large radius in the 
asymptotically flat region. These four surfaces enclose a spacetime volume V, and we 
assume that the matter enters from the asymptotically flat region and exits either as it 
crosses the black hole horizon or after scattering back out across O. One can evaluate 
the mass and angular momentum carried in with the new matter by flux integrals in the 
asymptotic region, 



AM = [ T ab CdT, h 
Jo 



AJ Ca) = - / T ab r (a) dZ\ (5) 

where dT> b is defined with an outward pointing normal. In the framework of the pertur- 
bation expansion, these quantities are 0(5 2 ). In what follows higher order terms will be 
ignored. These expressions may be combined to produce a flux integral containing the 
horizon generating vector field \ a 

AM-Q^AJ {a) = f T abX a dZ b . (6) 

By the First Law (0), this combination of variations is proportional to the variation of the 
entropy, ^AS. (Here, we apply the First Law in what Wald calls the "physical process" 
form||15|, for which one assumes that the accretion process is a mild perturbation, and 



hence that no singularities develop in V .) 

Using stress-energy conservation as well as Killing's equation, one has 

V a (T ab x b ) = V a T ab x b + T ab V V = 0(5 4 ). 

Now one can integrate the above expression over V and apply Gauss' law to produce a flux 
integral. Since the stress-energy vanishes on Ej and Sj, one finds 

0(5 A )= I V a (W)c£= / T abX a dJ: b + I T abX a di: b . (7) 

JV JO JH 

Here d12 b is defined with an outward pointing normal which, on the horizon, is anti-parallel 
to the null generator \ l ' ■ Hence the integrand of the second flux integral is everywhere 
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negative or vanishing, as long as the stress tensor satisfies the null energy condition (|j). 
Thus combining eqs. (^j and (0) with the First Law, one has 

AS = -— [ T abX a dZ b > . (8) 

K JH 

The details of the gravity theory, and also the precise functional form of S, are irrelevant 
to establish this result for quasi-stationary processes. The key requirements were: the 
First Law relating asymptotic variations to variations of the horizon geometry, and the null 
energy condition to be satisfied by the matter stress-energy. We emphasize that this stress- 
energy tensor includes only contributions from the matter fields, and not contributions 
from any higher curvature interactions, as were considered in the introduction. We have 
also made an implicit assumption that the black hole solution is stable — i.e., the small 
perturbation introduced by matter falling in from infinity remains small (and does not lead 
to any unstable growing or oscillatory excitations) so that the system simple settles down 
to a new black hole. 

We fully expect that the above line of reasoning can be generalized to cover arbitrary 
quasi- stationary processes. For example, the result should hold for the case in which 
(possibly charged) matter and electromagnetic radiation fall into an electrically and/or 
magnetically charged black hole. Indeed, we have carried out the analysis for the case of 
charged matter (but no radiation) falling onto a charged black hole. This case is somewhat 
more complicated than the vacuum case above. If one allows infalling electromagnetic 
radiation then, due to the nonlinearity of the electromagnetic field stress tensor, there are 
generically cross terms between the background field and the radiation field, yielding 0(5) 
contributions to the stress tensor and to the metric variation. This appears to require a 
much more involved — or a much more clever — analysis. Also, the above argument does not 
directly apply in the situation where a packet of gravity waves drops into the black hole 
although it can probably be adapted to cover positive energy gravitational perturbations. 



3 R + aR 2 Theory 

In this section we establish the constancy of the surface gravity for stationary solutions 
and the Second Law for arbitrary dynamical processes involving black holes in the theory 
given by a higher curvature action of the form 



d D x 



-fj 



16nG 



(R + aR 2 ) + L m (i;,g) 



(9) 



where L m denotes a conventional Lagrangian for some collection of matter fields, denoted 
ij). The matter Lagrangian will also contain the metric, but we assume that it contains no 
derivatives of the metric. 

The gravitational field equations arising from the action (§) are 



R 



ab 



-g ab R = 87iGT^,g) + 2a(V a V b R-g ab V 2 R 
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- RR ab + - A g ah R 2 ) . (10) 

We will assume that matter stress-energy tensor, = — -^^j^k 2 ^-, does satisfy the 
dominant energy condition ([!]). However, if one regards the entire expression on the right 
hand side of this equation as the stress-energy tensor in Einstein's equations (^), it is 
clear that this total stress-energy does not satisfy any energy condition because of the 
higher curvature contributions (i.e., the terms proportional to a). Thus, as discussed in 
the introduction, Hawking's proof of the area theorem does not apply here, nor can the 
proof of the Zeroth Law for stationary black holes in Einstein gravity be invoked. 

For this theory, the black hole entropy appearing in the First Law @ can be written 
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S= -!- / d D - 2 xVh(l + 2aR) (11) 
AG Jn 

where the integral is taken over a space-like cross-section of the horizon, 7i. The above 
form of the black hole entropy is not strictly justified unless we know that stationary black 
holes of the present theory possess a Killing horizon with constant surface gravity. We 
shall show below that, for a > 0, the surface gravity of a Killing horizon in this theory is 
necessarily constant. Note that a number of ambiguities still arise in Wald's construction, 
and so eq. (|ll]) is the result after making certain natural choices in the calculation. None 
of these ambiguities have any effect when the Noether charge is evaluated on a stationary 
horizon |I6|, and hence eq. (|11|) may be considered in the analysis of sect. 2 since there the 
entropy is only compared between the initial and final stationary black holes. So one knows 
that the quantity (|TT|) will always increase in a quasi-stationary process in which a packet 
of the matter is dropped into a black hole (since by assumption, the matter stress-energy 
satisfies the dominant energy condition ([T]), which implies the null energy condition (^)). 

We now extend this result to a classical entropy increase theorem for any dynamical 
process involving black holes in this theory. Our approach will be the following. First, 
we show that the present higher curvature theory is equivalent to Einstein gravity for a 
conformally related metric coupled to an auxiliary scalar field, as well as to the original 
matter fields. Second, we argue that the black hole entropy in the higher curvature theory 
is identical to that in the conformally related theory. Finally, since Hawking's area theorem 
holds in the Einstein-plus-scalar theory, we conclude that the entropy never decreases in 
the original theory (|9|). 

The equivalence of the higher curvature theory (|9|) to Einstein gravity coupled to an 
auxiliary scalar field has been discussed previously by many authors (|T7|. The first step is 



to introduce a new scalar field 4>, and a new action, which is linear in R, 

h = Jd D x^{^-^[(l + 2a<j ) )R-a ( j ) 2 }+L m ^,g)} ■ (12) 
The equation of motion is simply <fi — R, and one recovers the original action upon 



substituting this equation into eq. ( |l2l) — i.e., 7 X (0 = R) = I . In the form of eq. (|T2l), the 
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action contains no terms that are more than quadratic in derivatives. This action contains 
an unconventional interaction, (j)R, however. Hence in the metric equations of motion, 

Ra b -\g ab R = 8irGT™{i>,g) + 2a{V a V b 4>-g ab V 2 4> 



- <S>R 



ab 



;9ab4> 



1 

2 9o,u i — 

the total stress-energy tensor appearing on the right hand side still contains some prob- 
lematic contributions {e.g., V a V;,0), which prevent the dominant or even the null energy 
conditions from being satisfied. 

The 4>R interaction can be removed by performing the following conformal transforma- 
tion 

g ab = (1 + 2a<j))-^g ab . (13) 
In terms of g ab , the action (|T^) becomes 



1 



16nG 



R 



D - 1 



2a 



D-2 \l + 2a<p 
+ (1 + 2a<j))-T^L m {ilj, (1 + 2a4>Y^g) 



V a 0V> - a{\ + 2a0)-^0 2 



(14) 



which includes the standard Einstein-Hilbert action for g ab and the auxiliary scalar (f> with 
less conventional couplings — see below. The g ab equations of motion are now 



Rab — ~9ab R 



8nG 
l + 2a<p 



T™ b {^{l + 2a<f>)-—*g) 



D — 1 



2a 



D-2 V l + 2a0 



:9ab 



D 



2a 



D-2 V 1 + 



V c 0V c + a{\ + 2a<py— 



(15) 



The most important feature of this final theory for our purposes is that, assuming 1 + 
2a<p > 0, the total stress-energy tensor appearing on the right hand side above satisfies 
the dominant (and hence the null) energy condition for positive a if the original matter 
Lagrangian satisfies this energy condition. 

Now suppose we have a stationary black hole solution to ( 15) whose event horizon is 
a Killing horizon. Then, since the dominant energy condition holds for a > 0, the surface 
gravity must be constant — i.e., the Zeroth Law holds 0. We can therefore identify the 
entropy via any of the usual methods e.g., Wald's derivation of the First Law. 

Given the absence of higher derivative or unconventional gravity couplings, the black 
hole entropy for I 2 is given by 5* = A/ {AG), just as for Einstein gravity. Since the equations 
of motion ([15]) are Einstein's equations, and the null energy condition is satisfied by the 
total stress-energy tensor, Hawking's proof of the area theorem is valid for the I 2 theory 
with the assumptions that cosmic censorship holds for g ab and that l + 2a<f) > 0. (The latter 
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assumption will be further discussed below.) Hence there is a classical entropy increase 
theorem for the theory defined by I2 in eq. fll4T). 

Now eq. fll3|) along with = R provides a mapping between the solutions for the 
Einstein-plus-scalar theory defined by I 2 , and the original higher curvature theory defined 
by I , in which the metrics are related by a conformal transformation 

g ab = (l + 2aR)^g ab . (16) 



The conformal transformation (jig) preserves the causal structure of the solutions and, if 
g a b is asymptotically flat, then so is g a b. Thus, if g a b is an asymptotically flat black hole, 
then so is g a b, and they have the same horizon and surface gravities [|18|]. In particular, 



stationary black hole solutions of the I Q theory have constant surface gravity, provided they 
have Killing horizons. (Note that, since a Killing vector remains a Killing vector under 
stationary conformal transformations, the event horizon of a stationary I black hole is a 
Killing horizon if and only if the same is true for the corresponding L 2 black hole.) The 
Zeroth Law therefore holds for I . 

On the other hand, since the asymptotic forms of g a b and g a b agree, the mass and 
angular momenta of the two spacetimes agree. Also the angular velocities agree, since the 
null combination of time translation and rotation Killing fields agree on the horizon. In 
short, we have shown all of the ingredients, other than the entropy, in the First Law @ 
agree. Thus, for all variations, the changes in the entropies must also agree. Therefore the 
entropies themselves are equal to within a constant in each connected class of stationary 
black hole solutions. Since the area increase theorem for the Einstein-plus-scalar theory 
gives 5S > in any dynamical process connecting two stationary states, we conclude 
that SS > for the corresponding process in the higher curvature theory. We have thus 
established a classical Second Law in the higher curvature theory defined by the action I Q 
in eq. ®. 

It should be emphasized that the First Law, which applies to variations away from a 
stationary black hole background, does not uniquely determine the form of the entropy for 
nonstationary statesO, [TBI. In Einstein gravity, since the entropy is proportional to the 



horizon area, it has a natural extension to a cross section of an arbitrary nonstationary 
black hole horizon, and the area theorem shows that this nonstationary entropy never 
decreases, even during a dynamical process. We can obtain a similar result for the higher 
curvature theory as follows. 

Using the conformal relation flTB]) between the two metrics, the "barred" entropy (area) 
can be expressed directly in terms of g^: 



S{g) = f d D -\ ^h = ^-\_ d D -\ Vh(l + 2aR) . (17) 
4G Jn 4G Jh 

For stationary black holes the right hand side agrees with the entropy in the higher curva- 



ture theory (|Tl"|) as determined directly from the First Law in that theory (it was already 



argued above that 7i corresponds to a cross-section of the event horizon for the metric 
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g a b as well). This agreement is explained by the reasoning given two paragraphs above. 
In presenting the result ( pTTj) for the black hole entropy as determined by the First Law, 
we chose the simplest geometric formula which naturally extends to a dynamical horizon. 
Here we have shown that, by virtue of the area theorem in the conformally related theory, 



the entropy given by that particular formula, reproduced in eq. (|L7D, obeys the Second 
Law even during a dynamical process. 

The relation (|16D gives an unambiguous result for the dynamical entropy and so can be 
used to resolve the ambiguities [ffBl |ITJ inherent in the Noether charge construction of 



In the present case, the alternate proposal for dynamical entropy of ref. [11], which used a 
boost invariant projection, gives a result for the dynamical entropy that differs from (17) 
for non- stationary black holes. Unless there are two different entropy functionals obeying 
a local increase law, it appears that the proposal of ref. [|ll|] is inconsistent with the Second 
Law during dynamical processes in the present theories. 

There is one considerable assumption in preceding discussion, which we have not yet 
addressed. For the mapping between the solutions of the two theories ([!(]) to exist and for 
the total stress energy tensor in eq. ([15]) to satisfy the dominant energy condition (|l|), it 
is necessary that the factor 1 + 2aR is positive. Thus, given a black hole solution of the 
higher curvature theory, one must have R > — j- (for positive a) everywhere outside of 
the black hole and on the event horizon. 

From the point of view of the Einstein-plus-scalar theory, one requires that > — ^ 
everywhere outside of the event horizon for the mapping to a solution of the higher curva- 
ture theory to exist. Recall that cosmic censorship was assumed in the proof of the area 
increase theorem for this theory. This assumption rules out dynamical processes in which 
a black hole begins with a configuration with > — everywhere initially, and evolves 
to one with < — in some region outside of the horizon. The reason is that, by the 
equations of motion ( |T5] ) when = — j-, the stress-energy tensor is singular and hence the 
Einstein tensor, R a b — ^g a bR, is singular Cosmic censorship for g a b would only allow 



such curvature singularities to develop behind the event horizon, and hence rules out any 
process in which = — ^- is reached outside of the horizon. 

An alternative argument showing that it is consistent to make the restriction > — ^ 
can be given by considering the character of the potential term in the Einstein-plus-scalar 



theory] 20]. The non-standard kinetic term for the scalar field in Eq . (|14]) can be replaced 



with an ordinary one by defining a new scalar field ip := (3 1 \n(l + 2a0), where f3 
8nG(D — 2)/(D — 1). In terms of ip the action J 2 becomes 



d D x 



16nG 2 



where V(<p) = 64 J Gq e~ "p^^ (e^ — l) 2 . Now the singular point = — corresponds to 
(p — > —00. Provided a > 0, the potential V((p) rises exponentially as <p — >• —00. The term 
involving the matter Lagrangian has the same exponential for a prefactor, and so one may 
worry that it may undermine the barrier due to V((p). The kinetic terms for the matter 
fields will include at least one inverse metric which will bring the rate of exponential growth 
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down by a factor of exp(2[3(p/(D — 2)) for these contributions. We will assume that any 
matter potential is non-negative — which is implied by the dominant energy condition ([!]) 
for — so that these terms can only increase the potential barrier as <p — > — oo. Thus, as 
long as the metric and matter fields do not become singular, the dynamics of (p as ip — > — oo 
will be dominated by the potential barrier so ip will not run off to — oo. Therefore, initial 
data satisfying the bound <fi > — ^ will evolve within the bound, as long as the other fields 
remain nonsingular. 

Note that the argument just given breaks down if a < since the potential is then 
negative and exponentially falling as <p — > — oo. Hence, the theory appears unstable for 
negative a. The previous argument for non- decreasing entropy did not seem to require 
that a be positive because the null energy condition is satisfied for any a. It did assume 
cosmic censorship however which, presumably, would be violated in the unstable theory 
with a < 0. Note also that we previously used this condition on a in order to establish 
the Zeroth Law. 

Given the above arguments that <p — ~ 2a * s never reached outside the event horizon 
for positive a, one may also rule out processes in the higher curvature theory in which 
a black hole evolves to reach R = — tt somewhere outside of the event horizon. From a 

2a 

superficial examination of the higher curvature equations of motion (0), R = — J- does 
not appear to be singular. However, there is no obstruction to mapping the initial part of 
the evolution to the Einstein-plus-scalar theory, where it becomes a process leading up to 
a naked singularity at the point where = —4^, as discussed above. Such processes were 
ruled out by the assumption of cosmic censorship though, and hence we have also ruled 
out the corresponding evolution in the higher curvature theory. 



4 Actions polynomial in R 



The results of the previous section are easily generalized for higher curvature theories with 
actions of the form 



J = / dPxi/^g 



' (R + P(R))+L m (ip,g) 



16nG 



(19) 



where P is a polynomial in the Ricci scalar, P(R) = J2 n =2 dnR n - Introducing an auxiliary 
scalar field 0, as in ([12]) of the preceeding section, this theory can be re-expressed using a 
new action linear in R 

h = J d ° x ^-9 [j^Q l R + P (^) + ( R ~ 4>)P\4>)} + L m (tp, c?) J . (20) 

Here, the primes denote differentiation of P with respect to <ft ' *- e v P f (<fi) = 
J2n=2 na n ( p n ~ 1 - The theory defined by this new action is not precisely equivalent to the 
original theory defined by eq. (0). Rather the equation of motion yields two classes of 
solutions: i) (ft = R and ii) </> = </> where 4> is a constant satisfying P"(<p ) = 0. Substitut- 
ing (i) back into the action (j20D yields (1191) . Thus these solutions correspond to solutions 
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of the higher curvature theory, which we wish to study. Substituting (ii) into eq. 
yields Einstein gravity with an effective Newton's constant, G e ff = G/(l + P'(0o)), and an 
effective cosmological constant, A e // = (0o-P'(0o) — -P(0o))/2(1 + P'(4>o)). Thus the latter 
solutions are spurious for our purposes since they do not correspond to solutions of the 
original higher curvature theory. In the present analysis we only consider asymptotically 
flat solutions, which would rule out the second class of solutions because of the presence 
of an effective cosmological constant. Even in the case of an accidental degeneracy where 
A e ff = 0, one still knows that the asymptotically flat solutions for action ( [ZUD includes all 



of those for the original action ([19]). 

As in the preceeding section, the action (|20|) can be transformed to Einstein gravity 
coupled to an scalar field via the conformal transformation 

Sab =(1 + 1* gab (21) 



yielding the action JT7] 




d ° x ^J^Q { T( ( , ' n,7 i ) V„oV"o (22; 

+ (1 + P'{(j>)Y^ [(P(0) - <pP'm + 16ttG L m (ip, (1 + P\<P))-^ 



Equivalence of Q2"0|) and (^2j) holds provided the conformal transformation is nonsingular 
- i.e., (1+P') > 0. 

If the matter Lagrangian L m yields a stress-energy tensor satisfying the dominant energy 
condition ([!]), then the action I 2 also yields a stress-energy tensor satisfying the dominant 
energy condition provided 1 + P'(<f)) > and <j)P'(<f)) — P(4>) > 0. (These conditions on P 
will be discussed further below.) In this case, it follows that the surface gravity is constant 
over the Killing horizon of a stationary black hole for I 2 . Further, with the assumption 
that cosmic censorship applies in this theory, one can prove the area increase theorem, and 
so then one has shown that SS > in any evolution of a black hole. 

Assuming we have a solution in class (i), the mapping between the theories takes the 
form of a conformal transformation that goes to the identity at infinity. As above, this 
means that a black hole in one theory is mapped to a black hole of the other theory 
and, further, that the event horizons, surface gravities, and entropies of the two black 
hole solutions coincide. Thus the constancy of the surface gravity and the area increase 
theorem of the Einstein-plus-scalar theory translate to the Zeroth Law and an entropy 
increase theorem for the original higher curvature theory, respectively. 

The mapping between the solutions of the two theories yields a formula for the entropy 
in the higher curvature theory: 



S(g) = d D ~ 2 x Jh = ^J n d D ~ 2 x Vh(l + P'(R)) . (23) 
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As expected one recovers the same expression for the black hole entropy in the higher 
curvature theory that was determined by directly examining the First Law in that theory 
for variations from stationary black holesfl6[]. Note that the conformal transformation 



yields an unambiguous definition of the dynamical (non-stationary) black hole entropy for 
the higher curvature theory, whereas the entropy functional determined from the First Law 
is not unique H [TBJ. 

Of course, the equivalence of the dynamics defined by the actions I and I 2 required 
that = P, and that 1 + P'(P) > everywhere for solutions of the higher curvature theory. 
The latter assumption requires that R lie within some domain including zero, whose precise 
boundaries will be defined by the couplings a n appearing in P(R). Alternatively, there are 
restrictions on allowed values of the auxiliary scalar in the Einstein-plus-scalar theory. 
For our purposes it is enough that these restrictions hold outside the horizon and on an 
open set including the horizon. 

One can argue as in the preceding section that cosmic censorship rules out processes 
in which a black hole evolves from a configuration with 1 + P' > to one in which this 
inequality is violated. This is done by rewriting the action yet one more time, as in 
the preceding section, with the change of variables (p := /5~ 1 ln(l + P'(0)), where (3 = 

8nG(D — 2)/(D — 1). In terms of cp the action I 2 becomes 



/ dPx^/=§ \t^R ~ ^V o¥ >V> - V(<p) + e-^^LM, e 
J Llb7rG I 



D-2 



D 



where now V(ip) = -^e-—^{ct)P' - P). Equivalence of I 2 and J 3 requires that one can 
invert 1 + P'(0) = e Pv for = 0(y?). This requires that P" has a definite sign in the domain 
of interest for (which includes = 0). 

As before, the singular point 1 + P'(0) — corresponds to ip — » — oo. There is a 
potential barrier as ip — > — oo provided 0P' — P is positive. Note that 0P' — P vanishes at 
= 0, and (0P' - P)' = 0P". If we restrict P" to be positive, (0P' - P) will be positive 
for all 7^ 0. Thus we can argue, as in the preceding section, that if P" > (and the 
matter stress energy satisfies the dominant energy condition), initial data satisfying the 
bound 1 + P' > outside the horizon will evolve within this bound, as long as the other 
fields remain nonsingular outside the horizon. As a bonus, P" > implies the positivity of 
0P' — P, which was required for the dominant energy condition (and therefore the proof of 
the Zeroth Law) to hold. Actually, given that P" > 0, 1 + P' (which is one at = 0) will 
generically reach zero at some negative value of 0, which then defines the boundary for the 
range of interest. It is enough then to require P(0)" > for > 0i, where 0i denotes the 
negative value of nearest the origin for which 1 + P' vanishes. If P" < in the range of 
interest, the theory is probably unstable, as in the R + aR 2 theory with negative a. 
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5 Direct proof of the Second Law 



Our method of establishing the Second Law for certain higher curvature theories used 
the fact that these theories are conformally related to ordinary Einstein theories in which 
the area theorem holds. This special feature of these theories is not shared by most 
higher curvature theories, so it would be interesting to see how the Second Law could be 
established directly in these theories, without making use of the conformal transformation 
technique. Such an exercise would be instructive for efforts to establish entropy increase 
theorems for theories that are not susceptible to the conformal transformation "trick" . In 
order to gain some insight into this question, in the present section we will construct such 
a direct proof. 

Suppose that the black hole entropy of a gravity theory takes the following form 

S=j- [ d D ~^Vhe p , (24) 
AG Jn 

where e p is a scalar function of the local geometry at the horizon. For the class of theories 
considered in the preceding section one has e p = 1 + P'(R). The method to be used here 
will rely critically on the fact that e p is necessarily positive, and p = when the curvature 
vanishes. 

We wish to consider the change of this entropy along the null congruence generating 
the event horizon under any dynamical evolution. Let k a be the null tangent vector field 
of the horizon generators with respect to the affine parameter A. Then one has 

S' = j-( d D ~ 2 x^e p 9 
AG Jn 

with 

9:=9 + d x p, (25) 

where 9 = d(\xi \fh) / d\ = V a k a is the expansion of the horizon generators. 

Now the question is whether or not there can exist a point along the null geodesies 
at which 9 becomes negative. In order to answer this question, we use the Raychaudhuri 
equation, as in the proof of area theorem, to obtain an expression for d\9: 

d x 9 = d x 9 + d\p 

= -^0 2 -a 2 -k a k b R ab + k a k b V a V b p, (26) 

where a 2 is the square of the shear. 

For the R + P(R) theories, it is easy to see that the equations of motion imply that 
k a k b (R a i> — 'V a 'Vbp) = {8nG e~ p T™£ + 'V a pVbp)k a k b , which is non-negative provided the null 
energy condition holds for the matter fields (and e p > 0). Thus in those theories one has 

9x0 < 
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or 

dxie- 1 ] > -^{d/Of. (27) 

Now we follow Hawking's proof of the area theorem, with 9 in place of 9. Suppose at 
some point on the horizon we have 9 < 0. Then in a neighborhood of that point one can 
deform a space-like slice of the horizon slightly outward to obtain a compact space-like 
surface E so that 9 < everywhere on E, 9 being defined along the outgoing null geodesic 
congruence orthogonal to E. If cosmic censorship is assumed, then there is necessarily 
some null geodesic orthogonal to E that remains on the boundary of the future of E all 
the way out to X + [Q. Asymptotic flatness (where components of the Riemann tensor in 



an orthonormal frame all fall off at least as r 1_D ) implies that p — > like A 1_D at infinity, 
whereas 9 goes like A -1 , where A is the affine parameter along an outgoing null geodesic. 
Therefore 9/9 — > 1 + 0(A (1 ~ D * ) ), so the inequality (p7|) implies that, as one follows the 
geodesic outwards from E, 9 reaches — oo at some finite affine parameter. Since 9 = 9 + d\p, 
this means that either 9 or d\p goes to — oo. In the former case we have a contradiction, 
as in the area theorem, since it implies there is a conjugate point on the geodesic, which 
cannot happen since the geodesic stays on the boundary of the future of E all the way out 
to X + . In the latter case we have a naked singularity, since d\p = e~ p d\e p , and e p was 
assumed from the beginning in (^) to be a nonvanishing function of the curvature. 

For the P{R) theories we have in particular d\p = k a V a p = (l + P')~ 1 P"k a V a R- In the 
preceding section we argued that 1 + P' never goes to zero outside the horizon in the case 
of a theory with P" > 0, so for these theories the divergence of d\p implies divergence of 
R or A; a V a -R, but these divergences also violate cosmic censorship. Therefore we conclude 
that cosmic censorship and the null energy condition for the matter imply that the black 
hole entropy (|24] ) can never decrease for the stable theories. Note that in making this 
argument we have used the condition 1 + P' > that was established via the conformal 
transformation trick, so we do not really have a fully "direct proof of the Second Law. 

The above argument suggests that the "weakest" naked singularity which creates a 
violation of the Second Law would be a divergence in k a V a R. It seems that this could 
happen even if the curvature itself is nonsingular everywhere. However, if one imposes also 
the equations of motion of the theory, then a divergence in k a V a R would necessarily entail 
also a divergence in either the curvature tensor or the matter stress tensor. 

As a final note, we demonstrate that the "extended" Raychaudhuri equation (|26|) lends 



itself to a "physical process" derivation of the First Law|T5|, and also of the form of the 
entropy, at least for the actions polynomial in the Ricci scalar. A sketch of such a derivation 
follows: Following the quasistationary process discussion in section 2, one concludes that 
the First Law is satisfied if there is an entropy functional S satisfying the equality in (^), 

AS = AM — fl(°' A J (Q) = - / T abX a dZ b . 

Z7T JH 

Now on the horizon, where \ a is null, the equations of motion imply that 87rGT a b x a X b = 
e p x a X b (Rab — V a V(,p — V a pVbp) where e p = 1 + P'(R). The horizon generating Killing 
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field x a is related to the affinely parameterized null tangent to the horizon k a d a = d\ 
by x a 9 a = nXk a d a ||15| . Further the volume element in the above flux integral may be 
written: dZ a = -d D ~ 2 xVhdXk a p|. Hence using the "extended" Raychaudhuri equation 
(p6|) and the equations of motion, and neglecting terms of higher than linear order in the 
perturbation, the above equation yields 



-AS 

2tt 



k I d D - 2 xVhd\Xk a k b T ab 
Jh 

[ d D ~ 2 xVhdX X e p k a k\R ab - VaVbp) 
Jh 

^— I d D - 2 xVhd\\e p d x e 
jiG Jh 

I d D - 2 xVh\e p 6 



8vrG Jh 

K 
K 



8ttG 



Si 8nG Jh 



dX d D - 2 xVhe p 9 



In this final expression, 9 vanishes on the final and initial horizon slices where the horizon 
is stationary, and so the first contribution is zero. By the definition of 9 in eq. ([25]) , we see 
that \/he p 9 is the total derivative d\(\/he p ), so the second contribution is just t^AS where 
S is precisely the entropy given in eq. (|23|). The form of the entropy functional for these 
higher curvature theories can thus be inferred directly by consideration of quasistationary 
accretion processes. 



6 Discussion 

In this paper, we have presented two cases where a classical entropy increase theorem 
applies in higher curvature gravity. These are: 

• For quasi-stationary processes in which a (vacuum) black hole accretes positive energy 
matter - - i.e., T^£ a £ b > for any null vector l a — the Second Law is a direct 
consequence of the First Law of black hole mechanics, independent of the details of 
the gravitational action. 

• For higher curvature theories of the form (|l^) the black hole entropy is given by 

s{9) = hL dD ~ 2x p,(R)) ■ (28) 

This entropy satisfies the Second Law in any processes involving matter fields that 
satisfy the null energy condition. Our proof of the Second Law requires that the 
coupling constants a n appearing in P(R) be restricted in such a way that P"(R) is 
positive for positive R, and also between R = and the largest negative value of R 
where 1 + P'(R) vanishes. The latter ensures that 1 + P'{R) is positive everywhere 
outside and on the event horizon of the black hole spacetimes. 
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The expression 1 + P'(R) must be positive in order to implement the conformal trans- 
formation between the original higher curvature theory and the Einstein-plus-scalar theory, 
and also to ensure the null energy condition is satisfied in the latter theory. This positivity 
is also an essential ingredient for the direct proof in section 5. It is interesting that pre- 
cisely the same expression plays the role of the entropy surface density in eq. fl28|) . Thus 
the positivity restriction translates on the horizon to the condition that the local entropy 
density should be positive everywhere. In particular it requires that the total black hole 
entropy is always positive. The latter is a minimum requirement that must be fulfilled if 
this entropy is to have a statistical mechanical origin. The fact that we actually require a 
local positivity condition on the entropy density is suggestively consistent with the idea that 
this density may have a statistical interpretation. In any event, these (and other higher 
curvature) theories may provide a more refined test of the various proposals to explain the 
statistical origin of black hole entropy. 

The direct proof of the Second Law (in section 5) is essentially a translation, via the 
conformal transformation, of Hawking's proof of the area theorem applied to the Einstein- 
plus-scalar theory. Nevertheless, it provides an illustration of how one might hope to 
prove an entropy increase theorem for other higher curvature theories. Naively, with the 
assumption of cosmic censorship, this proof can be extended to theories with interactions 
of the form i? 2n+1 V 2 -R. A closer examination of the latter theories indicates that they are 
unstable however, and so the assumption of cosmic censorship appears unlikely to hold. 
This highlights the problem that, in dealing with the higher curvature theories directly, 
establishing the stability of asymptotically flat solutions requires an involved analysis. In 
fact, even for our direct proof in section 5, we relied on results about the stability of the 
theories derived in sections 3 and 4 by examining the Einstein-plus-scalar theory. 

An obstacle to constructing a direct proof of the Second Law in general is that the 
entropy as determined from the First Law does not uniquely determine the form of the dy- 
namical entropy. Thus, to begin, one would not know for which entropy density one should 
be attempting to prove an increase theorem. In the higher curvature theories considered 
in sections 3 and 4, this ambiguity is resolved by the conformal transformation, which 



yields precisely eq. fl28|) when inserted into S = A/ (AG). In ref. fL6 |, the present authors 
introduced an alternative construction for black hole entropy involving field redefinitions, 
which also appears to avoid any ambiguities. The form of the higher curvature actions 
for which this approach is applicable is not completely general, but it does extend beyond 
those theories considered in this paper. 

In Einstein gravity, the Zeroth Law for a Killing horizon can be proved if the dominant 
energy condition is assumed 0]. Through the conformal transformation technique, this 
proof was extended to the higher curvature theories introduced in sections 3 and 4, at least 
with certain restrictions on the coupling constants. In the case of a regular bifurcate Killing 
horizon, one can show that the surface gravity is constant irrespective of the underlying 
gravitational dynamics^]. However, there is no independent proof that Killing horizons in 
a general theory necessarily possess a regular bifurcation surface, and so for general higher 
curvature theories the validity of the Zeroth Law remains an important open question. 
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It is worth emphasizing that unless the event horizon is a Killing horizon, the abovemen- 
tioned proofs of the Zeroth Law are not applicable. In Einstein gravity, Hawking proved 



that the event horizon of a stationary black hole must be a Killing horizon jlij. To our 



knowledge, this proof has not been extended to general higher curvature theories, or even 
to higher dimensional Einstein gravity. For the higher curvature theories considered in this 
paper, at least in four dimensions, it seems likely that Hawking's proof can be imported 
via the conformal transformation relating the theory to Einstein gravity with matter. For 
stationary black holes in more general higher curvature theories, whether or not stationary 
event horizons are necessarily Killing horizons is another important open question. 

We now come to considering the two shortcomings of the calculations presented in 
this paper. For all of the cases considered here, the dominant energy condition must 
hold for the matter fields. Within the present framework, though, it is natural to include 
higher derivative matter couplings (e.g., i?(V0) 2 or (V 2 0) 2 ) as well as higher curvature 
interactions. Generally the former will spoil this positive energy condition. This is perhaps 
less a criticism of the discussion of actions polynomial in the Ricci scalar since they are 
already theories with a restricted set of interactions. 

The second short-coming is revealed by the instabilities faced in sections 3 and 4. 
There our proof of the Second Law failed for certain values of the coupling constants 
(e.g., a < for the R 2 theory) because we found these theories to be unstable, and hence 
it appeared that the conformal transformation technique could not be implemented and 
cosmic censorship was not a valid assumption. Considering the R 2 theory represented that 
the action (fl8|) with the auxiliary scalar tp, we see that the scalar potential is proportional 
to Xja.. Thus the instability is nonperturbative in the higher curvature coupling constant. 
Further, a perturbative analysis (around flat space) reveals unstable modes with imaginary 
frequencies of the order of 1/a. We expect these remarks also to be true of the unstable 
theories in section 4. The original framework, which we set out for our investigations, 
though, was Einstein gravity perturbatively corrected by higher curvature corrections. The 
problem with the present analysis is that we are actually taking these theories at their face 
value, rather than treating the higher curvature terms perturbatively. This suggests that 



our analysis should be modified to incorporate the ideas of perturbative reduction! 21]. One 



might hope that the problems with instability and cosmic censorship would be avoided in 
this way. Since the perturbative treatment would extend to all of the higher derivative 
interactions, including those of the matter fields, such an approach may also be able to 
circumvent the requirement that the full matter stress energy tensor satisfy the null energy 
condition]^]. 

Establishing the Second Law for higher curvature theories within a perturbative frame- 
work would be a valuable extension of our present results, since we expect nonpertur- 
bative instabilities to be a generic feature of these theories when they are considered as 



fundamental p3| . If one were to find that no Second Law holds even perturbatively for cer- 
tain interactions or certain values of the coupling constants, one might suspect that those 
effective actions are unphysical. Perhaps the requirement that the entropy (or even the 
entropy density) be positive might provide a further restriction on the form of physically 
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relevant effective actions. 

In this paper we have only considered an intrinsic or classical Second Law — i.e., we 
have only dealt with the increase of the black hole entropy alone. In general relativity, 
we know that the effective transfer of negative energy from quantum fields to a black 
hole can lead to a decrease in the horizon entropy (i.e., horizon area), and the same is 
true for these higher curvature effective theories since black holes still produce Hawking 
radiation in these theories. Thus it is important to ask whether a generalized Second 
Law (S(Sbh + Soutside) > 0) holds. In general relativity, there are arguments that the 
generalized Second Law applies for quasi-stationary processes involving positive energy 
matter [p4f| . These arguments seem to carry over to stable higher curvature gravity theories 
as well, since they do not involve the equations of motion but rather lean on the First Law 
and the maximum entropy property of thermal radiation. 

Another approach to this question would be to incorporate the effects of the Hawking 
radiation in the effective action by the introduction of nonlocal contributions^, |26|. In 
two- dimensions where an explicit nonlocal term can be calculated j3B[, Wald's techniques 



have been applied to determine the nonlocal (radiation) contribution to the geometric hori- 
zon entropy 1^7] . Further, in that model, one can show that the generalized entropy, which 
now includes the contributions of the Hawking radiation, will satisfy a Second Law, even 
for evaporating black holes. |2£| Some model independent constructions for the nonlocal 



action exist in four dimensions p5|1, and so one could in principle apply Wald's techniques 
to develop an expression for the black hole entropy in these theories. Perhaps the require- 
ment that this entropy satisfies the Second Law would impose useful restrictions on the 
underlying nonlocal action. In any event, addressing the validity of the generalized Second 
Law remains an important open problem. 
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